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a b s t r a c t
This paper proves that the fractional version of Hedetniemi’s
conjecture is true. Namely, for any graphs G and H , χf (G × H) =
min{χf (G), χf (H)}. As a by-product, we obtain a proof of the
Burr–Erdős–Lovász conjecture: For any positive integer n, there
exists an n-chromatic graph G whose chromatic Ramsey number
equals (n− 1)2 + 1.
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1. Introduction
For graphs G and H , the categorical product (also called the direct product) of G and H is the graph
G×H with vertex set V (G×H) = V (G)× V (H), and edge set E(G×H) = {((x, y), (x′, y′)) : (x, x′) ∈
E(G), (y, y′) ∈ E(H)}. For an undirected graph G, the edges of G are viewed as unordered pairs, i.e.,
(x, x′) = (x′, x). If G and H are directed graphs, then G×H is defined in the same way, except that the
edges of the directed graphs involved are ordered pairs of vertices. The categorical product of graphs
is commutative and associative, and hence the product of more than two graphs is well-defined.
Invariants of the categorical product of graphs have been studied extensively in the literature. The
question of interest is that of whether a parameter of G × H is determined by the corresponding
parameters of the factor graphs. Given a positive integer n and a graph G, an n-colouring of G is a
mapping c : V (G) → {1, 2, . . . , n} such that c(x) ≠ c(x′) for every edge (x, x′) of G. The chromatic
number χ(G) of G is the smallest integer n for which G has an n-colouring. Given an n-colouring c of
a factor graph, say G, one obtains an n-colouring c ′ of G× H by letting c ′((x, y)) = c(x). Therefore we
have the following inequality:
χ(G× H) ≤ min{χ(G), χ(H)}.
In 1966, Hedetniemi [4] conjectured that equality always holds.
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Conjecture 1 (Hedetniemi [4]). For any graphs G and H,
χ(G× H) = min{χ(G), χ(H)}.
This conjecture has received a lot of attention [8,16,20]. It is confirmed for graphs G and H with
min{χ(G), χ(H)} ≤ 4 and some other restricted classes of graphs [2,20], but is largely open in general.
Let
ϕ(n) = min{χ(G× H) : χ(G) = χ(H) = n}.
Hedetniemi’s conjecture is equivalent to the statement that ϕ(n) = n. Yet we do not know whether
there is an integer n forwhichϕ(n) ≥ 5. It was proved in [7] thatϕ(n) is either unbounded or bounded
by a constant which is at most 9.
Given positive integers p ≥ q, a (p, q)-colouring of a graph G is a mapping c : V (G) →
{0, 1, . . . , p− 1} such that for any edge (x, x′) of G, q ≤ |c(x)− c(x′)| ≤ p− q. The circular chromatic
number χc(G) of G is the infimum of
p
q for which G has a (p, q)-colouring. The same argument as above
shows that for any graphs G and H ,
χc(G× H) ≤ min{χc(G), χc(H)}.
It was conjectured by the author [19,22] that again equality always holds.
Conjecture 2. For any graphs G and H,
χc(G× H) = min{χc(G), χc(H)}.
It is known that for any graph G, χ(G) = ⌈χc(G)⌉. Hence Conjecture 2 is stronger than Conjecture 1.
The best result concerning this conjecture was obtained by Tardif, who proved that the conjecture
holds for graphs G and H with min{χc(G), χc(H)} ≤ 4 [14].
In this paper, we investigate the fractional chromatic number of the product graph G × H . A
fractional colouring of a graph G is a mapping f which assigns to each independent set I of G a real
number f (I) ∈ [0, 1] such that for any vertex x,∑x∈I f (I) = 1. The total weight w(f ) of a fractional
colouring f of G is the sum of f (I) over all the independent sets I of G. The fractional chromatic number
χf (G) of G is the minimum total weight of a fractional colouring of G. Given a fractional colouring f of
G, one obtains a fractional colouring f ′ of G×H by letting f ′(I×V (H)) = f (I) for all independent sets
I of G, and f ′(U) = 0 for other independent sets U of G× H . Then f ′ is a fractional colouring of G× H
with the same weight as f . Therefore for any graphs G and H ,
χf (G× H) ≤ min{χf (G), χf (H)}.
The following question was raised in [23].
Question 1. Is it true that for any graphs G and H,
χf (G× H) = min{χf (G), χf (H)}?
It was shown in [23] that for some special classes of graphs, the answer to Question 1 is positive. Tardif
proved in [15] that for any directed graphs G and H ,
χf (G× H) ≥ 14 min{χf (G), χf (H)}.
As the underlying graph of the product G × H of two directed graphs is a subgraph of the product of
their underlying graphs, the same inequality holds for the product of undirected graphs.
For a graph G, we denote by α(G) the independence number of G, which is the maximum size of
an independent set of G. Recently, Zhang [18] proved the following result, which answers a question
raised by Tardif in [11].
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Theorem 1 (Zhang [18]). If G and H are vertex transitive graphs, then
α(G× H) = max{α(G)|V (H)|, α(H)|V (G)|}.
For a vertex transitive graphG, we haveχf (G) = |V (G)|α(G) . So Theorem1 is equivalent to the statement
that the answer to Question 1 is positive when restricted to vertex transitive graphs. In this paper, we
generalize this result and prove a positive answer to Question 1 for all graphs.
Theorem 2. For any graphs G and H,
χf (G× H) = min{χf (G), χf (H)}.
For a graph G, the chromatic Ramsey number Rχ (G) of G is the least integer m such that there is a
graph F of chromatic number m for which the following holds: for every 2-colouring of the edges of
F , there is a monochromatic subgraph of F isomorphic to G. For a positive integer n, let
Mn = min{Rχ (G) : χ(G) = n}.
It was conjectured by Burr et al. [1] in 1976 thatMn = (n− 1)2+ 1. This conjecture has been verified
for n ≤ 5 [21]. As observed by Paul and Tardif in [6], the fractional version of Hedetniemi’s conjecture
implies the Burr–Erdős–Lovász conjecture. So as a consequence of Theorem 2, we obtain a proof of
this conjecture. In Section 3, we shall prove a more general result. Suppose r ≥ 2 is an integer, and
G1,G2, . . . ,Gr are graphs. For a graph F , we write F → (G1,G2, . . . ,Gr) if for any r-edge colouring c
of F with colours 1, 2, . . . , r , there is an index i ∈ {1, 2, . . . , r} such that the subgraph of F induced
by edges of colour i contains Gi as a subgraph. Let
Rχ (G1,G2, . . . ,Gr) = min{χ(F) : F → (G1,G2, . . . ,Gr)}.
We shall prove that for any positive integers n1, n2, . . . , nr , there exist graphs G1,G2, . . . ,Gr with
χ(Gi) = ni and
Rχ (G1,G2, . . . ,Gr) = (n1 − 1)(n2 − 1) · · · (nr − 1)+ 1.
2. Proof of Theorem 2
A fractional clique of G is a mapping f : V (G) → [0, 1] such that for any independent set I of
G,
∑
x∈I f (x) ≤ 1. The fractional clique number ωf (G) of G is the maximum total weight (i.e., the
sum
∑
x∈V (G) f (x)) of a fractional clique f of G. The fractional chromatic number and the fractional
clique number of G are obtained by solving two linear programming problems, and the two linear
programming problems are dual to each other. By the duality of linear programming, we know that
for any graph G, χf (G) = ωf (G). So to prove Theorem 2, it suffices to prove
ωf (G× H) ≥ min{ωf (G), ωf (H)}.
Given a maximum fractional clique g of G and a maximum fractional clique h of H . Let ϕg,h :
G× H → [0, 1] be defined as ϕg,h((x, y)) = g(x)h(y). The mapping
ϕg,h
max{ωf (G), ωf (H)}
is a natural candidate for being a fractional clique of G× H . If this is a fractional clique of G× H , then
as its total weight is equal to
ωf (G)ωf (H)
max{ωf (G), ωf (H)} = min{ωf (G), ωf (H)},
we would have ωf (G× H) ≥ min{ωf (G), ωf (H)}.
In the following, we shall prove that ϕg,hmax{ωf (G),ωf (H)} is indeed a fractional clique of G× H .
For a graph G and a vertex x of G,NG(x) = {x′ ∈ G : (x, x′) ∈ E(G)} is the neighbourhood of x, and
NG[x] = NG(x) ∪ {x} is the closed neighbourhood of x. For a subset X of V (G), let NG(X) = ∪x∈X NG(x)
and NG[X] = ∪x∈X NG[x]. Suppose S is a subset of V (G× H). For x ∈ V (G) and y ∈ V (H), let
S(x) = {y ∈ V (H) : (x, y) ∈ S}
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and
S(y) = {x ∈ V (G) : (x, y) ∈ S}.
Suppose f is a function that assigns a weight f (x) to each vertex x of a graph G. For a subset X of
V (G), let f (X) =∑x∈X f (x).
Lemma 3. Assume f is a maximum fractional clique of a graph G and X is an independent set of G. Then
f (X) ≤ f (NG[X])
ωf (G)
.
Proof. Let G′ = G− NG[X]. For any independent set Y of G′, X ∪ Y is an independent set of G. Hence
f (Y ) ≤ 1 − f (X). If f (X) = 1, then f (y) = 0 for all y ∈ G′. Hence f (NG[X]) = ωf (G) and the
lemma is true. Assume f (X) < 1. Let f ′ : V (G′) → [0, 1] be defined as f ′(x) = f (x)/(1 − f (X)).
Then for any independent set Y of G′, f ′(Y ) ≤ 1. So f ′ is a fractional clique of G′. Hence f ′(V (G′)) ≤
ωf (G′) ≤ ωf (G), i.e., f (V (G′)) ≤ (1 − f (X))ωf (G). As f (V (G′)) + f (NG[X]) = ωf (G), it follows that
f (NG[X]) ≥ f (X)ωf (G), i.e., f (X) ≤ f (NG[X])ωf (G) . 
Lemma 4. Assume G and H are graphs, g is a maximum fractional clique of G and h is a maximum
fractional clique of H. Let ϕg,h : G × H → [0, 1] be defined as ϕg,h((x, y)) = g(x)h(y). Then for any
independent set U of G× H, we have ϕg,h(U) ≤ max{ωf (G), ωf (H)}.
Proof. Without loss of generality, we may assume that ωf (G) ≥ ωf (H). Let U be an independent set
of G× H . We partition U into U = A ∪ B, where
A = {(x, y) ∈ U : ∀(x′, y) ∈ U, (x, x′) ∉ E(G)},
B = {(x, y) ∈ U : ∃(x′, y) ∈ U, (x, x′) ∈ E(G)}.
It follows from the definition of A that for any y ∈ V (H), A(y) is an independent set of G. Now we
show that for any x ∈ V (G), B(x) is an independent set of H . Assume to the contrary that there exist
y, y′ ∈ B(x) such that (y, y′) ∈ E(H). Then (x, y), (x, y′) ∈ B ⊆ U . By the definition of B, (x, y′) ∈ B
implies that for some x′ ∈ G, we have (x, x′) ∈ E(G) and (x′, y′) ∈ U . But then (x, y) and (x′, y′) are
two adjacent vertices of G× H contained in U , contrary to the assumption that U is independent.
Let A′ and B′ be subsets of V (G × H) such that for each y ∈ V (H), A′(y) = NG[A(y)] and for each
x ∈ V (G), B′(x) = NH [B(x)].
It follows from Lemma 3 that for any y ∈ V (H), g(A(y)) ≤ 1
ωf (G)
g(A′(y)) ≤ 1
ωf (H)
g(A′(y)) and for
any x ∈ V (G), h(B(x)) ≤ 1
ωf (H)
h(B′(x)). Therefore
ϕg,h(B) =
−
x∈G
g(x)h(B(x))
≤ 1
ωf (H)
−
x∈G
g(x)h(B′(x))
= 1
ωf (H)
ϕg,h(B′).
ϕg,h(A) =
−
y∈H
h(y)g(A(y))
≤ 1
ωf (H)
−
y∈H
h(y)g(A′(y))
= 1
ωf (H)
ϕg,h(A′).
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Hence
ϕg,h(U) = ϕg,h(A)+ ϕg,h(B)
≤ 1
ωf (H)
(ϕg,h(A′)+ ϕg,h(B′)).
We shall prove that A′ ∩ B′ = ∅. It follows from the definition that A′ ∩ B = ∅. It remains to show
that A ∩ (B′ − B) = ∅ and (A′ − A) ∩ (B′ − B) = ∅.
If (A′ − A) ∩ (B′ − B) ≠ ∅, say (x, y) ∈ (A′ − A) ∩ (B′ − B), then by definition, there exists
(x′, y) ∈ A such that (x, x′) ∈ E(G) and there exists (x, y′) ∈ B such that (y, y′) ∈ E(H). But then (x′, y)
and (x, y′) are two adjacent vertices in U , contrary to the assumption that U is an independent set.
Assume A∩(B′−B) ≠ ∅, say (x, y) ∈ A∩(B′−B). By the definition of B′−B, there exists (x, y′) ∈ B such
that (y, y′) ∈ E(H). By the definition of B, there exists (x′, y′) ∈ U such that (x, x′) ∈ E(G). But then
(x′, y′) and (x, y) are two adjacent vertices of U , contrary to the assumption that U is an independent
set.
Now we have proved that A′ ∩ B′ = ∅, and hence
ϕg,h(A′)+ ϕg,h(B′) ≤ ϕg,h(V (G× H)) = ωf (G)ωf (H).
Therefore ϕg,h(U) ≤ ωf (G). This completes the proof of Lemma 4. 
It follows from Lemma 4 that ϕg,hmax{ωf (G),ωf (H)} is a fractional clique of G × H , with total weight
min{ωf (G), ωf (H)}. Therefore ωf (G × H) ≥ min{ωf (G), ωf (H)} and hence equality holds. This
completes the proof of Theorem 2. 
3. The chromatic Ramsey number
SupposeG,H, F are graphs.Wewrite F → (G,H) if for any colouring of the edges of F with colours
red and blue, there is either a red copy of G (i.e., G is a subgraph of the red graph) or a blue copy of H .
The chromatic Ramsey number of Rχ (G,H) is defined as
Rχ (G,H) = min{χ(F) : F → (G,H)}.
We write Rχ (G) for Rχ (G,G).
If χ(F) ≤ (n − 1)2, and c is an (n − 1)2-colouring of F with colours {(i, j) : 1 ≤ i, j ≤ n − 1},
then we can colour the edges of F as follows: if e = xy, c(x) = (i, j) and c(y) = (i′, j′) then we
colour e red if i = i′ and colour e blue otherwise. It is easy to see that both the red graph and the blue
graph are (n − 1)-chromatic. This shows that if χ(G) = n then Rχ (G) ≥ (n − 1)2 + 1. Burr et al. [1]
conjectured that for any positive integer n, there is an n-chromatic graph Gwith Rχ (G) = (n−1)2+1.
LetMn = min{Rχ (G) : χ(G) = n}.
Conjecture 3 (Burr et al. [1]). For any n ≥ 1,Mn = (n− 1)2 + 1.
Burr et al. [1] proved that Hedetniemi’s conjecture implies Conjecture 3. It is this connection that
made Hedetniemi’s conjecture well-known. As observed in [6], the same proof also shows that the
fractional version of Hedetniemi’s conjecture implies Conjecture 3. By proving some special cases of
Hedetniemi’s conjecture, Burr et al. verified Conjecture 3 for n ≤ 4. The author verified this conjecture
for n = 5 [21], also by proving some special cases of Hedetniemi’s conjecture. Now Theorem 2 implies
Conjecture 3 for all n. As observed by Tardif [17], Theorem 2 also implies a non-diagonal version of
the Burr–Erdős–Lovász conjecture. Indeed, amore general result concerning edge colouringwithmore
than two colours follows from Theorem 2. The argument is basically the same. For the completeness
of this paper, we state this more general result and include a proof of this implication.
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For integer r ≥ 2, and for graphs F ,G1,G2, . . . ,Gr , wewrite F → (G1,G2, . . . ,Gr) if for any r-edge
colouring c of F with colours 1, 2, . . . , r , there is an index i ∈ {1, 2, . . . , r} such that the subgraph of
F induced by edges of colour i contains Gi as a subgraph. The chromatic Ramsey number of the graph
tuple (G1,G2, . . . ,Gr) is defined as
Rχ (G1,G2, . . . ,Gr) = min{χ(F) : F → (G1,G2, . . . ,Gr)}.
The same argument as above shows that if χ(Gi) = ni, then Rχ (G1,G2, . . . ,Gr) ≥ (n1 − 1)(n2 −
1) · · · (nr − 1)+ 1. Let
Mn1,n2,...,nr = min{Rχ (G1,G2, . . . ,Gr) : χ(Gi) = ni}.
So we have Mn1,n2,...,nr ≥ (n1 − 1)(n2 − 1) · · · (nr − 1) + 1. We shall prove that equality holds,
i.e., for any positive integers n1, n2, . . . , nr , there exist graphs G1,G2, . . . ,Gr with χ(Gi) ≥ ni and
Rχ (G1,G2, . . . ,Gr) ≤ (n1− 1)(n2− 1) · · · (nr − 1)+ 1. Indeed, we shall prove the following stronger
result.
Theorem 5. For any positive integers n1, n2, . . . , nr , there exist graphs G1,G2, . . . ,Gr−1 withχ(Gi) ≥ ni
such that for any graph Gr with χ(Gr) = nr ,
Rχ (G1,G2, . . . ,Gr) ≤ (n1 − 1)(n2 − 1) · · · (nr − 1)+ 1.
For graph classes Gi (i = 1, 2, . . . , r), we write F → (G1,G2, . . . ,Gr) if for any colouring of the
edges of F with colours 1, 2, . . . , r , there is an index i and a graph G ∈ Gi such that the subgraph of F
induced by edges of colour i contains G as a subgraph. Let
Rχ (G1,G2, . . . ,Gr) = min{χ(F) : F → (G1,G2, . . . ,Gr)}
and
R(G1,G2, . . . ,Gr) = min{m : Km → (G1,G2, . . . ,Gr)}.
For a class G of graphs, let hom(G) be the class of graphs that are homomorphic images of graphs in G,
i.e., hom(G) = {H : for some G ∈ G, there is a homomorphism from G to H}. The following lemma
was proved in [1].
Lemma 6. For any classes Gi (i = 1, 2, . . . , r) of graphs,
Rχ (G1,G2, . . . ,Gr) = R(hom(G1), hom(G2), . . . , hom(Gr)).
We shall also need the following lemma.
Lemma 7. Suppose Gi = (V , Ei) (i = 1, 2, . . . , r) are graphs on the same vertex set and G = (V ,∪ri=1 Ei)
is the union of these graphs. Then χf (G) ≤ χf (G1)χf (G2) · · ·χf (Gr).
Proof. For positive integers n, k, a k-tuple n-colouring of a graph H is a mapping f that assigns to
each vertex x a set f (x) of k colours from a set of n colours such that colour sets assigned to adjacent
vertices are disjoint. It is well-known that χf (H) = min{n/k : H has a k-tuple n-colouring}. Assume
χf (Gi) = ni/ki for i = 1, 2, . . . , r , and fi is a ki-tuple ni-colouring of Gi. It is straightforward to verify
that themapping f defined as f (x) = f1(x)×f2(x)×· · ·×fr(x) is a k1k2 · · · kr -tuplen1n2 · · · nr -colouring
of G. Hence χf (G) ≤ n1n2···nrk1k2···kr = χf (G1)χf (G2) · · ·χf (Gr). 
Proof of Theorem 5. Letm = (n1−1)(n2−1) · · · (nr−1)+1. Let c1, c2, . . . , cp be all r-edge colourings
of Km with colours 1, 2, . . . , r . For each i ∈ {1, 2, . . . , p} and for each j ∈ {1, 2, . . . , r}, let Gi,j be the
subgraph of Km induced by edges of colour j in ci. If Gi,r has clique number less than nr , then the
union Gi,1 ∪ Gi,2 ∪ · · · ∪ Gi,r−1 has independence number at most nr − 1, and hence has fractional
chromatic number at least m/(nr − 1) > (n1 − 1)(n2 − 1) . . . (nr−1 − 1). By Lemma 7, there is an
index j ∈ {1, 2, . . . , r − 1} such that χf (Gi,j) > nj − 1.
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For j = 1, 2, . . . , r − 1, let
Gj =
∏
{Gi,j : 1 ≤ i ≤ p, χf (Gi,j) > nj − 1}.
By Theorem 2, χf (Gj) > nj − 1. Hence χ(Gj) ≥ nj. Let Gr be any graph of chromatic number
nr . We claim that Rχ (G1,G2, . . . ,Gr) ≤ m. By Lemma 6, it suffices to show that Km →
(hom(G1), hom(G2), . . . , hom(Gr)). Assume c is an edge colouring of Km using colours 1, 2, . . . , r .
Then c = ci for some 1 ≤ i ≤ p. As observed above, either Gi,r has a clique of size nr , and
hence Gi,r ∈ hom(Gr), or there is an index j ∈ {1, 2, . . . , r − 1}, χf (Gi,j) > nj − 1. In the latter
case, Gi,j is a factor graph in the product that defines Gj; hence Gi,j ∈ hom(Gj). This proves that
Km → (hom(G1), hom(G2), . . . , hom(Gr)) and completes the proof of Theorem 5. 
4. Some remarks and questions
There have been various approaches to Hedetniemi’s conjecture; however, up to now, we do not
have very strong evidence supporting the conjecture. In some sense, the result in this paper provides
an indirect support for this conjecture. As χf (G) ≤ χc(G) ≤ χ(G) for all graphs G, one consequence
of Theorem 2 is that the categorical product of two graphs with fractional chromatic number n has
circular chromatic number (and hence chromatic number) at least n. This improves an earlier result
of Tardif, who proved in [13] that such a product graph has chromatic number at least n/2.
Given a graph G and a positive integer n, the graph G[Kn], called the lexicographic product of G and
Kn, has vertex set {(x, i) : x ∈ V (G), i = 1, 2, . . . , n}, in which (x, i) is adjacent to (x′, j) if and only if
either x = x′ and i ≠ j or (x, x′) ∈ E(G). As proved in [23], the following is a consequence of Theorem2.
Corollary 8. For any graphs G and H, there is a positive integer n such that
χ(G[Kn] × H[Kn]) = min{χ(G[Kn]), χ(H[Kn])}.
A graph G is called star-extremal if χf (G) = χc(G) [3]. Theorem 2 implies that Conjecture 2 is true
when restricted to star-extremal graphs.
To gain more understanding of Hedetniemi’s conjecture, one often investigates weaker (or
stronger) statements. The following conjecture mixes the fractional chromatic number and the
chromatic number, which is weaker than Hedetniemi’s conjecture, but is perhaps also difficult.
Conjecture 4. If χf (G) ≥ χ(H) = n, then χ(G× H) = n.
The following is an even weaker conjecture.
Conjecture 5. Let ψ be the function defined as
ψ(n) = min{χ(G× H) : χf (G) ≥ n, χ(H) = n}.
Then limn→∞ ψ(n) = ∞.
The result of this paper also suggests a direction for looking for possible counterexamples to
Hedetniemi’s conjecture. In particular, if one would like to prove that the function ϕ(n) defined
earlier is bounded by a constant, then one should search for example graphs among those which have
small fractional chromatic number and large chromatic number. Some well-known infinite families
of graphs that have large chromatic numbers and small fractional chromatic numbers are classes
of Kneser graphs, Schrijver graphs and generalized Mycielski graphs (also called cone graphs [12]).
However, these graphs have large chromatic number for a topological reason. As shown in [10] (also
remarked by Hell in [5]), if two graphs have large chromatic number for a topological reason, then
their product also has large chromatic number. So to look for example graphs for showing that ϕ(n)
is bounded by a constant, one should look among those graphs that have small fractional chromatic
number, and have large chromatic number, and moreover, have small topological lower bound for
chromatic number. Not many such graphs are known. One class of such graphs is the class of shift
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graphs. The shift graph Hm has as vertices ordered pairs (i, j) satisfying 1 ≤ i < j ≤ m, in which (i, j)
and (k, ℓ) are adjacent if and only if j = k or ℓ = i. It is known (cf. [9]) that χ(Hm) = ⌈log2 m⌉, and
χf (Hm) < 4, and the topological lower bound for the chromatic of Hm is at most 4. It follows from
the definition that Hm is a subgraph of Hm′ if m ≤ m′. Hence χ(Hm × Hm′) = min{χ(Hm), χ(Hm′)}.
It is unknown whether the product χ(G × H) has chromatic number n if one of the factor graphs
has chromatic number n and the other has n as a topological lower bound for its chromatic number.
Let B(G) be the box complex of G, and IndZ2(B(G)) be the Z2-index of B(G). It is known that χ(G) ≥
IndZ2(B(G))+ 2 (cf. [9]). The following is weaker than Hedetniemi’s conjecture.
Conjecture 6. If IndZ2(B(G)) ≥ n− 2 and χ(H) = n, then χ(G× H) = n.
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